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Abstract 

We use foliations and connections on principal Lie groupoid bundles 
to prove various integrability results for Lie algebroids. In particular, 
we show, under quite general assumptions, that the semi-direct product 
associated to an infinitesimal action of one integrable Lie algebroid on 
another is integrable. This generalizes recent results of Dazord and Nistor. 



Introduction 

Lie algebroids have recently turned out to be very useful in several ways, e.g. 
related to deformation quantization of manifolds and to Poisson geometry (see 
for example fl_5], [□], |l2|, ^l|)- The notion of a Lie algebroid itself goes back to 
Pradines fji], f25|. He constructed for each Lie groupoid such a Lie algebroid, and 
outlined a Lie theory describing a correspondence between Lie groupoids and 
algebroids completely analogous to the classical theory for Lie groups and alge- 
bras. It remained a problem to develop the details of this theory, until Almeida 
and Molino Q provided a counterexample to one of Pradines main assertions: 
they proved that a transversely complete foliation gives rise to a transitive Lie 
algebroid which is integrable if and only if the foliation is developable. Never- 
theless, there are some well-known classical examples of Lie algebroids which 
can be integrated. For example, Douady and Lazard || proved that any bundle 
of Lie algebras can be integrated to a bundle of Lie groups, which in the lan- 
guage of Lie algebroids means that any Lie algebroid with trivial anchor map is 
integrable. 

Recently, several positive integrability results have been discovered. Dazord 
[0 proved that the transformation Lie algebroid associated to an infinitesimal 
action of a Lie algebra on a manifold is integrable to a Lie groupoid. Further- 
more, using the integrability of foliation algebroids and the result of Douady and 
Lazard, Nistor |l9j proved that any regular Lie algebroid which admits a flat 
splitting is integrable. His motivation for this result was to construct examples 
of pseudodifferential operators on groupoids (20|. In a recent thesis, Debord 
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proved that any Lie algebroid with almost injective anchor map is integrable 

0- 

The purpose of this paper is to prove some integrability results, which include 
the ones of Dazord and Nistor. More specifically, our main results concern 
actions of one Lie algebroid on another. We prove that in many cases, the semi- 
direct product of such an infinitesimal action (described in ]10[| ) is integrable 
whenever each of the algebroids is. 

The outline of this paper is as follows. In the first section, we recall some ba- 
sic definitions and main examples concerning Lie algebroids and Lie groupoids, 
and fix the notations. In the second section, we discuss principal G-bundles for 
a Lie groupoid G, and introduce a notion of connection which takes values in the 
Lie algebroid of G. In the third section, we first give a quick and uniform treat- 
ment of some basic results of the Lie theory for groupoids. More specifically, 
we construct for each Lie groupoid a source-simply connected cover having the 
same algebroid (the source-simply connected Lie groupoids play the role anal- 
ogous to the simply connected Lie groups). The existence of such a cover was 
proved earlier by more involved methods in some special cases, e.g. [|[ see 
[ p"4| for a survey. Furthermore, we use foliation theory and connections to show 
that integrability is inherited by subalgebroids, and to give a simple proof of 
Mackenzie and Xu's result concerning integrability of morphisms between alge- 
broids Jl7| . In this section, we also prove an integrability theorem stating that 
an action of a Lie groupoid G on an integrable Lie algebroid t) can be integrated 
to an action of G on the integral groupoid of fj. 

In section 4, we discuss derivations on Lie algebroids. For the Lie algebroid fj 
of a source-simply connected groupoid H, we prove that the Lie algebra Der(t)) 
of derivations on f) is isomorphic to the Lie algebra of multiplicative vector fields 
on H. We also discuss actions of another Lie algebroid g on f) in terms of the 
algebra Der(t)), and recall the construction of semi-direct products from p0[ . 

The main results of this paper are contained in section 5. Here we prove 
that under quite general assumptions, the semi-direct product of integrable 
Lie algebroids is itself inte grab le. More specifically, this holds if the algebroid 



f) is a foli atio n (Theorem 5.1), or if t) is "proper" over g in a suitable sense 



(Corollary p. 4[), or if f) is integrable by a source-compact source-simply connected 



Lie groupoid (Theorem 5.7). At present, we do not know whether in general 



g k f) is integrable if g and t) are. 
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1 Lie algebroids and Lie groupoids 
1.1 Lie algebroids 

In this section we recall the definition of a Lie algebroid as well as some of the 
main examples. For a more extensive discussion we refer to ||, |l3). Throughout 
this paper, we shall work in the smooth context, so "manifold" means smooth 
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manifold, "map" means smooth map, "vector bundle" means smooth real vector 
bundle, etc. 

Let M be a manifold. A Lie algebroid over M is a smooth vector bundle 
7r : g — > M, together with a map p : g — > T(M) of vector bundles over M and 
a (real) Lie algebra structure [ - , - ] on the vector space Tg of sections of g such 
that 

(i) the induced map T(p) : Tg — > X(M) is a Lie algebra homomorphism, and 

(ii) the Leibniz identity 

[XJX'} = f[X,X'}+T(p)(X)(f)X' 
holds for any X,X' e Tg and any / £ C°°(M). 

The map p is called the anchor of the Lie algebroid g. The map T(p) is often 
denoted by p as well, and also called the anchor. The manifold M is called the 
base manifold of the Lie algebroid g. 

Examples 1.1 (i) Every finite dimensional Lie algebra is a Lie algebroid over 
a one point space. 

(ii) Any manifold M can be viewed as a Lie algebroid in two ways, by taking 
the zero bundle over M (which we shall denote simply by M) , or by taking the 
tangent bundle over M with the identity map for the anchor (we shall denote 
this Lie algebroid by T(M)). 

(iii) Any vector bundle E over M can be viewed as a Lie algebroid over M, 
with zero bracket and anchor. 

(iv) A vector bundle E over M with a smoothly varying Lie algebra structure 
on its fibers (i.e. a bundle of Lie algebras) can be viewed as a Lie algebroid over 
M with zero anchor. 

(v) A foliation T of M is by definition an involutive (hence integrable) 
subbundle of T(M). Thus a foliation of M is the same thing as a Lie algebroid 
over M with injective anchor map. 

(vi) Let M be a manifold equipped with an infinitesimal action of a Lie 
algebra g, i.e. a Lie algebra homomorphism 7 : g — » X(M). The trivial bundle 
gxM over M has the structure of a Lie algebroid, with anchor given by p(£, x) = 
7(0 xi an d Lie bracket 

[u,v](x) = [u(x),v(x)] + (■y(u(x))(v))(x) - (<y(v(x))(u))(x) , 

for u,v £ C°°(M,g) ^ T(M,g x M) and x £ M. This Lie algebroid is called 
the transformation algebroid associated to the infinitesimal action. 

(vii) Let (M, n) be a Poisson manifold. Then there is a natural Lie algebra 
structure on fi 1 (M) which makes T*(M) into a Lie algebroid over M. The 
anchor of this algebroid is —II, where II : T*(M) — > T(M) is induced by the 
bivector field II. For details, see e.g. |Q. 

Let g be a Lie algebroid over M and cf> : N — > M a map of manifolds. 
Consider the pull-back bundle </>*g. The sections of the form <fi*(X) = (id, Xo<j>), 
X E Tg, spanr0*gasa C°° (AO-module. In fact, the map C°°(N)(»c^(M)^3 -> 
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r</>*g, which sends / X to f<f)*(X), is an isomorphism 

0*g = TV x M g >-0 

» 4> 
N *-M 

Let [) be a Lie algebroid over N, and $ : f) — > g a bundle map over : N — » 
M. A $- decomposition of a section F e Tl) is a decomposition (id, $ o Y) = 
E< e r <^*0: for some /» e C°°(^) and X, e L . Such a bundle map 
$ : f) — > g over is a morphism of Lie algebroids JlO| if it preserves the anchor, 
i.e. p o $ = d<j) o p, and if it preserves the bracket in the following sense: for 
any Y e Tf) with a ^-decomposition J2i fi^* (Xi), and any Y' e Lf) with a 
^-decomposition J2j 

^/^*([X i ,Xj])+^p(Y)(/;)^(Xj)-^p(Y')(/ i )0*(X i ) 
is a ^-decomposition of [Y, ■ 
1.2 Lie groupoids 

Like the previous one, this section only serves to recall some basic definitions 
and fix the notations. 

A groupoid is a small category G in which all the arrows are invertible. 
We shall write Go for the set of objects of G, while the set of arrows of G 
will be denoted by G\. We shall often identify Go with the subset of units of 
G\. The structure maps of G will be denoted as follows: a, {3 : G\ — > Go will 
stand for the source (domain) map, respectively the target (codomain) map, 
/i : Gi Xg Gi — > Gi (/i(<7,ff') = gg') for the multiplication (composition) 
map, inv : G\ — > G\ (inv(g) — g^ 1 ) for the inverse map and uni : Go — * G\ 
[uniix) = l x ) for the unit map. We sometimes say that G is a groupoid over 
Go- 

A Lie groupoid is a groupoid G, equipped with the structure of smooth 
manifold both on the set of arrows Gi and on the set objects Go, such that 
all the structure maps of G are smooth and a is a submersion. Note that this 
implies that (3 is a submersion as well, that there is a natural smooth structure on 
the domain G\ Xq G± of the multiplication, and that uni is an embedding. We 
shall assume that the manifold of objects Go and the a-fibers a~ 1 (x), x £ Go, 



are Hausdorff, but we do not assume Gi to be Hausdorff (cf. Example 1.2 (v)). 

A morphism of Lie groupoids F : H — » G is a functor which is smooth as a 
map between the manifolds of arrows [F\ : Hi — > Gi) and as a map between 
the manifolds of objects (F : H a — > Go). 

Examples 1.2 (i) Every Lie group is a Lie groupoid over a one point space. 

(ii) Any submersion M — > B gives a Lie groupoid M Xg M over M, with 
a = pr 2 and f3 — pr 1 . In particular, to any manifold M we associate two Lie 
groupoids: the one corresponding to the identity M — > M, and the one (the pair 
groupoid) corresponding to the map from M to a space with only one point. 

(iii) A Lie groupoid G with a = (3 is just a family of Lie groups smoothly 
parametrized by Go- In particular, any vector bundle is a Lie groupoid with 
a = (3. 
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(iv) The fundamental groupoid of a manifold is a Lie groupoid. 

(v) A foliated manifold (M, J 7 ) gives rise to two Lie groupoids, the holonomy 
groupoid Hol(M, J 7 ) and the monodromy (or homotopy) groupoid Mon(M, J 7 ). 
The manifold of objects is M in both cases. If x, y € M are on different leaves, 
there are no arrows from x to y in both cases. If x and y are on the same leaf 
L, the arrows from x to y in Mon(Af, J 7 ) are homotopy classes of paths from x 
to y inside L. Thus Mon(M, J 7 ) is the union of the fundamental groupoids of 
the leaves, equipped with a suitable smooth structure. The holonomy groupoid 
is a quotient of the monodromy groupoid: for 1,1/ £ L, the arrows from x to 
y in Hol(M, J 7 ) are the holonomy classes of paths from x to y inside L. These 
monodromy and holonomy groupoids are generally non-Hausdorff. For details, 
see H H§. 

(vi) If M is a manifold equipped with a smooth left action of a Lie group G, 
the translation groupoid GkM has M for its manifold of objects and G x M for 
its manifold of arrows, an arrow from x to y being a pair {g, x) with gx — y. The 
multiplication in G x M is defined by {g 1 x)(g', x') = (gg',x') when x = g'x' . 

(vii) Let G be a Lie group and let P — ► M be a right principal G-bundle 
over M. The pair groupoid P x P over P of Example [l.2| (ii) has a natural 
diagonal G-action, and the quotient (P x P)/G is a Lie groupoid over M, called 
the gauge groupoid of the principal bundle. 

1.3 The Lie algebroid of a Lie groupoid 

The construction of a Lie algebra g of a given Lie group G extends to groupoids 
jH [L|. Explicitly, if G is a Lie groupoid, the vector bundle T a {G\) = Ker(da) 
over Gi of a- vertical tangent vectors pulls back along uni : Gq — > Gi to a vector 
bundle g over Go- This vector bundle has the structure of a Lie algebroid. 
Its anchor p : g — > T(Go) is induced by the differential of the target map, 
d/3 : T(Gi) -> T(G ). To define the bracket, note that the bundle T a (G\) over 
Gi has a right G-action, and that the G-invariant sections of T a {G\) over Gi 
form a Lie subalgebra of X(Gi), which we denote by Xf nv (G). Now the sections 
of g over Go can be identified with the G-invariant sections of T Q (Gi) over G\. 
Explicitly, a section X of g gives an invariant a-vertical vector field on G\ with 
value 

X l3(g)9 

at an arrow g 6 Gi. This identification gives us a Lie algebra structure on Tg; 
sec |l3j for details. We denote the Lie algebroids associated to G, H, etc. by 
0, f), etc, or sometimes by A(G), A(H), etc. The differential of a morphism 
F : H — > G of Lie groupoids induces a morphism .4(F) : A(H) — » .4(G) of Lie 
algebroids over Fo : #0 ^ Go, in a functorial way |10| . 

Definition 1.3 4 Lie algebroid g is called integrable if it is isomorphic to the 
Lie algebroid associated to a Lie groupoid G. Lf this is the case, then G is called 
an integral of g . 

Remark. Contrary to the case of finite dimensional Lie algebras and Lie groups, 
there exist Lie algebroids which are not integrable. See |ffl, [l^] for an example. 

Examples 1.4 (i) Any finite dimensional Lie algebra is an integrable Lie alge- 
broid ("Lie's third theorem"). 
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(ii) Any foliation T of a manifold M is an integrable Lie algebroid, because 
we have T .A(Hol(M, J 7 )) ^ A(Mon(M, JF)). 

(iii) Any bundle E of Lie algebras over M is an integrable Lie algebroid || . 
In fact, there exists a bundle of Lie groups (which may not be locally trivial nor 
Hausdorff) which integrates E. 

2 Groupoid bundles and connections 
2.1 Actions by Lie groupoids 

In this section we begin by recalling several standard notions and terminology 
concerning groupoid bundles which play a central role in the proofs of some of 
our integrability results. 

Let G be a fixed Lie groupoid, N a manifold and e : N — > Go a map. A 
left action of G on N along e is given by a map •& : G\ Xq N — > N (we write 
2/) = 52/), defined on the pull-back Gi X Go N= {{g, y) \ a{g) = e(y)}, which 
satisfies the following identities: e(gy) = 13(g), l e ( y )y = V and g'(gy) = {g'g)y, 
for any g',g G Gi and y 6 iV with a(g') = /3(g) and a(g) = e(y). For such an 
action one can form the translation groupoid G ix N over N, with (G k N)i = 
Gi x<3 A, exactly as for groups (Example [T^ (vi)). We define the quotient 
N/G as the space of orbits of the groupoid G X N. This space is in general not 
a manifold. A right action of G on N is defined analogously. 

Suppose that we have a right G-action on a manifold P. If P is equipped with 
a map n : P — > £> and the action is fiberwise in the sense that it(pg) = n(p) 
whenever pg is defined, then P is called a G-bundle over B. This G-bundle 
is said to be principal if 7r is a surjective submersion and the map (^pr^) : 
P x g q Gi — * P X b P is a diffcomorphism. In this case the translation groupoid 
P xi G is isomorphic to the pair groupoid P Xb P over P. Note that P/G = P, 
so P/G is a manifold. 

There is also a notion of a (left) action of a Lie groupoid G on another Lie 
groupoid H . It is given by two (left) actions of G on Hi and on Hq, such that 
the groupoid structure maps of H are compatible with the actions by G Jl(| . If 
we denote the action maps on Hi by 6i : Hi —> Go and i?j : Gi Xg Hi — > P;, 
i = 0,1, this implies in particular that eo o a = e% = eo o (3. Thus the fibers 
H x = 1 (x) are full subgroupoids of H over e ~ 1 (x), x £ Go- These are Lie 
groupoids if eo is a submersion, and for each arrow g £ Gi(x',x) the action 
provides an isomorphism H x i — > H x of Lie groupoids. 

For such an action of G on H , one can form the semi-direct product groupoid 

GxH 

over Po. For y, y' £ Hq, an arrow from y 1 to y in G k iJ is a pair (g, /i), where 
<7 is an arrow in G(eo(y'), eo{y)) and /i is an arrow in H(gy', y) C H eo t y \. These 
arrows compose by the usual formula 

(g,h)(g',h') = (gg' : h(gh')) . 

The groupoid GxH has the natural structure of a Lie groupoid, as one sees, 
e.g. when the space of arrows is considered as the fibered product 

Pi x Go G 1 = {(h,g)\eo(l3(h))=P(9)}- 
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Lemma 2.1 Consider an action of a Lie groupoid G on a Lie groupoid H . If 
Hq is a principal G -bundle overB, then Hi/ G is a Lie groupoid over B = Hq/G. 

Proof. The only thing that has to be shown is that Hi/G is a manifold. We 
can specify the manifold structure locally in B, so it suffices to consider the 
case where it : H — > B has a section s. But then H\/G is isomorphic to the 
pull-back of a : H\ —> Ho along s : B — ► Ho, hence is a manifold. Moreover, 
this manifold structure is independent of the choice of s, since by principality 
of the action on H any two sections s and s' are related by a map 9 : B — > Gi 
as 6(b)s(b) = s'(b) for all b G B. Then the same multiplication by 9 establishes 
a diffcomorphism between the pull-back of a along s and the one along s' . □ 

Remark. We denote the Lie groupoid H\/G over B by H/G. The quotient 
morphism H — > H/G induces for each x G H an isomorphism of a-fibers 
a~ 1 (x) — > a^ 1 (Tr(x)). More precisely, the square 



Ho 



H x /G 



B = Ho/G 



is a pull-back of smooth manifolds. 



2.2 Connections on principal groupoid bundles 

Let G be a Lie groupoid with Lie algebroid g, and let n : P — > B be a principal 
G-bundle along e : P — > Go- For any p G P, denote by V p the space Ker((d7r) p ) 
of vertical tangent vectors at p G P. Thus V is an integrable subbundle of T(P). 
The diffeomorphism L p : G(e(p), -) — > P T ( P ), given by L p {g) = pg~ x , induces 
and isomorphism dL p : € ( p ) — > V p . 

Recall that a local bisection of G is a local section s : U — * G\ of the source 
map a, defined on an open subset U of Go, such that /3os is an open embedding. 
We say that s is a local bisection of G through g G Gi if g G s(f). It is easy to 
see that there exist local bisections through any arrow of G. Such a bisection s 
induces a diffeomorphism P s : e~ 1 (/3(s(U)) — > e _1 (C/) by i2 s (p) =ps(x), where 
x G Go is the unique point with /3(s(x)) = e(p). If ^ is in the kernel of (de) p , 
then (dR s ) p (£) depends only on the value g of s with /3(g) = e(p), and we will 
write = (dR s ) p (^). Indeed, in this case one may define £g as the image of 
(£, 0) along the derivative of the action P Xg Gi — > P at (p, gr). 

Let be a foliation of B. Then tt*(J-) is a foliation of P. An T '-partial 
connection on P is a subbundle H of tt*(T) G T(P) which satisfies the following 
conditions: 

(i) TT*(F) = v®n, 

(ii) (de)(H) = 0, and 

(iii) TL pg = H p g for any p G P and g E G with e(p) = /3(g). 

Note that 7i P 5 is well-defined precisely because of the condition (ii) above. The 
connection H is called flat if it is integrable. With a given connection H, any 
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tangent vector £ e it* {F) p has a unique decomposition as a sum £ = + £ h of 
its vertical and horizontal parts. 

There is the associated partial connection form w on P with values in g, 
given by 

for any £ £ 7r*(J r ) p . 

Proposition 2.2 TTie partial connection form ui associated to a connection H 
on a principal G-bundle P has the following properties: 

1. lo : 7r*(jF) — > q is a map of vector bundles over e : P — > Go, 

2. LO p o dL p = id, 

3. Ker(a>p) C Ker((de) p ), and 

4- R^lo = Ad(inv o s) o lo, for any local bisection s : U — > G\ of G. 

Remark. Explicitly the condition (4) means that for any x G U, any p e 
e- 1 (/3(s(x))) and any £ e ir*{F) p 

(i?» p (£) = w ps (x)(<i-R s (£)) = {dL s )^uo p {£)s{x) = Ad(inv o s)(w p (0) • 

Here eLL s is the derivative of the diffeomorphism L s : f3~ 1 {U) — > f3~ 1 (f3(s(U))) 
given by L s (g) = s([3(g))g. The map w p is completely determined by its re- 
striction to the subspace of those £ which arc in the kernel of de, in which case 
p(u) p (^)) = 0, and the condition (4) may be expressed simply as (R*^lo)(^) = 

Ad(s(a;) _1 )(u;(£)). Conversely, any u) satisfying the conditions above determines 
a connection by 

Hp = Ker(o)p) . 

Proposition 2.3 Let P be a principal G-bundle over B , T a foliation of B and 
TL a flat T -partial connection on P. Then each leaf ofTL projects by a covering 
projection to a leaf of T . 

Proof. Each leaf L of TC clearly projects by a local diffeomorphism to a leaf L 
of T . Moreover, L lies in a fiber e~ 1 (x). Let Iso(i) be the isotropy group of L, 
i.e. 

Iso(Z) = {g e G(x, x) | Lg = 1} . 

The group Iso(L), equipped with the discrete topology, acts freely and prop- 
erly discontinuously on L, which shows that 7r in fact restricts to a covering 
projection L — > L. □ 

3 Lie theory for groupoids 

3.1 The source-simply connected cover 

Every finite dimensional Lie algebra is the Lie algebra of a unique connected 
simply connected Lie group. Something similar holds for integrable Lie alge- 
broids. 
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Definition 3.1 A Lie groupoid G is said to be source- connected if a~ 1 (x) is 
connected for any x € Go- It is said to be source- simply connected if each 
a^ 1 {x) is connected and simply connected. 



Example 3.2 The monodromy groupoid Mon(M, T) of a foliated manifold is 
source-simply connected. 

The following proposition is proved in Jl3| for the special case of transitive 
Lie groupoids. 

Proposition 3.3 Let G be a Lie groupoid. There exists a source-simply con- 
nected Lie groupoid G over Go and a morphism of Lie groupoids n : G — > G 
over Go, inducing an isomorphism A(G) — > .4(G). 



Remark. The covering groupoid G is essentially unique, see Proposition |3.5 
below. 

Proof. For each x £ Go let a~ 1 (x)^ be the connected component of a^ 1 (x) 
which contains l x . It is well-known and easy to see that the union of these 
a~ 1 (x)^ form a source-connected open subgroupoid G^ of G over Go having 
the same Lie algebroid. Thus, to prove the proposition we can first replace G 
by G^ ) , and hence assume that G is source-connected. 

Now let T be the foliation of G\ given by the fibers of a, and let Mon(Gi , J-) 
be its monodromy groupoid over G\. The space Gi is a principal (right) G- 
bundle over Go (with structure maps f3 for 7r and a for e) and this principal 
action maps leaves to leaves. Thus G also acts on the monodromy groupoid. By 



Lemma [Ojwe can form the quotient Lie groupoid G = Mon(Gi , T)/G, which is 
a groupoid over Go- Since any monodromy groupoid is source-simply connected 
and Mon(Gi, F) has the same a- fibers as its quotient by G by the remark after 
Lemma |2.l[ G is again source-simply connected. Finally, the morphism of Lie 
groupoids 

F : Mon(Gi, T) — > G 

given by (3 : G\ — > Go on objects and by F(a) = cr(l)cr(0) _1 on arrows of 
Mon(Gi, J-) (where a is the homotopy class of a path inside a leaf of J-) factors 
to give the required map G — > G. □ 



3.2 Integrability of subalgebroids 

Let q be a Lie algebroid over M, and let N be an immersed submanifold of 
M. A subalgebroid of g over N is a subbundle f) of the restriction q\n with 
a Lie algebroid structure such that the inclusion f) — > q is a morphism of Lie 
algebroids. 

The same methods involved in the construction of the source-simply con- 
nected groupoid G can be used to prove the following integrability result. (We 
point out that the case of transitive groupoids was proved earlier in |l3[] , and a 
local integrability result involving micro-differentiable groupoids was proved by 
Almeida, see |l3|, p. 158].) 

Proposition 3.4 Any subalgebroid of an integrable algebroid is integrable. 
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Proof. Consider a Lie groupoid G with associated Lie algebroid q and a 
subalgebroid F) over Hq of g. Denote by I : f) — * g the inclusion of Lie algebroids 
over the injective immersion i : Hq — > Go, and write 

M = ff Q x Go Gi 

for the pull-back of /? : Gi — > Go along t. Consider the foliation T of M given 

by 

= {(p{ u )Ji u )g) u e f) y } 

The composition of the groupoid G defines on the manifold M the structure of 
a principal G-bundle over H , and the foliation T is preserved by the G-action. 
Thus the monodromy groupoid Mon(M, also carries a right G-action, and 



by Lemma 2.1 we obtain a quotient groupoid 

H = Mon(M, T) /G 
over Hq. Its Lie algebroid is easily seen to be isomorphic to rj. □ 

Remark. By t he in tegrability of morphisms between integrable Lie algebroids 
(see Proposition |3.5| below), there is a map H — > G which is in fact an immersion. 
In this sense the subalgebroid is integrated by an immersed groupoid. 

3.3 Integrability of morphisms between Lie algebroids 

As an application of Proposition |2.3| , we shall give a quick proof of the fact 
that any morphism of integrable Lie algebroids can be integrated to a unique 
morphisms of the integral Lie groupoids, provided that the domain groupoid is 
source-simply connected. This fact has been proved earlier by Mackenzie and 
Xu§. 

Proposition 3.5 Let G and H be Lie groupoids, with H source-simply con- 
nected, and let <& : rj — > Q be a morphism of their Lie algebroids over </> : Hq — > 
Go • Then there exists a unique morphism of Lie groupoids F : H —> G with 
Fq = (j) which integrates i.e. A(F) = $. 

Proof. Let P — Hi x Go G\ be the pull-back of /3 : G\ — > Go along the map 
<fi o j3 : Hi — > Go- Thus P is a (trivial) principal G-bundle over Hi, with the 
obvious right action with respect to the map e = a o pr 2 ■ Let T be the foliation 
of Hi by the a-fibers. Now define a partial connection TL on P by 

W(h, a ) = {(vh, $(v)g) | v G t)p (h) } . 

This is indeed a flat connection on E because $ preserves the bracket. Now 
take any y S Hq, and denote by L y the leaf of H through the point (l y , l^y))- 



By Proposition 2.3, L y is a covering space over the corresponding leaf of T, 
i.e. the a-fiber a^ 1 (y). Since the a-fibers of H are simply connected, the 
projection L y — > a^ 1 (y) is in fact a diffeomorphism. Denote by v y the inverse 
of this diffeomorphism. Now the union of the maps is y gives us a map v : 
Hi — » P. Observe that this map is smooth, since it can be described as an 
extension of the smooth transversal section Hq — > P by holonomy. Then we 
take Fi to be the composition F± — pr 2 o v : H — ► G. In particular, F\ 
maps a~ 1 {y) to a _1 (</)(y)). It is easy to see that F\ together with Fq = <f» 
gives a morphism of Lie groupoids F : H — > G. Now for any v G f) y we have 
d(Fi)(v) = d(pr 2 )(v, ®(v)) = $(«), hence ^(F) = □ 
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3.4 Integrability of actions by Lie groupoids on Lie alge- 
broids 

Consider a Lie algebroid f) over N. If q : N — > B is a submersion which 
annihilates the anchor of H (i.e. dq o p = 0), then it follows from the Leibniz 
identity (Section p~l] ) that for two sections Y, Y' £ Tf), the value [Y, Y'] a of the 
bracket in a point y G N only depends on the restrictions of Y and Y' to the 
fiber q^ 1 (q(yj). Thus for b G B the fiber fjj = f) | q— 1 C6) i s a Lie subalgebroid of 
f), and we can think of f) as a family of Lie algebroids over B. For such a family 
\) — » iV — > -B, the pull-back along any map : £?' — » i? is a Lie algebroid over 
B' Xb Ho, which we denote by <j)*(f)) - it is a family of Lie algebroids over B 1 . 

Now suppose that G is a Lie groupoid, and f) a family of Lie algebroids over 
Go, with respect to a surjective submersion q : Ho — > Gq annihilating the anchor 
of f), as before. A left action of G on t) aZcmg q is a morphism of Lie algebroids 

0: a* ft) 

over Gi, satisfying the unit and cocycle conditions expressing the unit and 
associativity laws of an action. Thus, for an arrow g G G(x' , x), the fiber of 
over g is a Lie algebroid morphism 

S : f)x' > f)x l? 9 (w) = gu 

and the unit and cocycle conditions state that <&\ a = id and g g ' = "& gg '- In 
particular, the effect of the map i? on the base manifolds of the algebroids is a 
map Gi Xq Ho — > i?o x g ^1 over Gi, and its composition with defines 
a G-action on the space Ho. For g e G(x',x) and y S q _1 (a;') this action is 
denoted by gy S 9 _1 (a;) as before. Thus if u G t) a is a point in the algebroid f) 
over y, then gu G f) gj ,. 

For example, a left action by a Lie groupoid G on a Lie groupoid H induces 
an action of G on the Lie algebroid f) of H , by taking the derivative of the action 
on arrows. 

We will now show that if f) is integrable, then so is any action by G on t), 
i.e. any such action comes from an action by G on the source-simply connected 
integral H of I). 

Theorem 3.6 Let [) be the Lie algebroid of an source-simply connected Lie 
groupoid H. Any action of a Lie groupoid G on the Lie algebroid f) can be 
integrated uniquely to an action of G on H . 

Proof. As before, we denote by q : Ho — > Go the structure map of this action. 
Note that since dgop= 0, the map q o (3 is locally constant on the a-fibers of 
H , and hence it is constant since H is source-connected. Thus q o a = q o f3. 
Now consider the pull-back manifold 

M = G\ x Go Hx - {(. 9 , h) | a(g) = q(a(h))} . 

This manifold is equipped with a foliation T ', whose leaves are the fibers of the 
map id x a : M — Gi Xq Hi — > Gi Xg Ho- Over M there is a principal (right) 
-ff- bundle 

P = Gx x Ga Hi x Ho Hi = {(g, h, h') | (g, h) G M, g0(h) = /3(h')} 
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with structure maps a o pr 3 : P — ► Hq and action (g,h,h')h" = (g,h,h'h"). 
The foliation T of A/ lifts along the projection n : P = M Xh Pi — > A/ to a 
foliation 7i of P, whose tangent space TL( g ^h,h') C T( gt h,h'){P) is defined in terms 
of the action of G on fj by 

K(g,h,h') = {{°9, WO I M e W)} ■ 

To explain this notation, let g 6 G(a;',a;) and y = /3(/i), 32/ = 0(h'). Then Og 
is the zero tangent vector in T g (Gx), and u/i £ T£(Hi). Furthermore, gu £ f) g2/ 
and hence {gu)h' £ T§(Hi). 

Note that, since the action of G on 1] preserves the bracket, this subbundle 
H of T(P) is integrable, so that H is indeed a foliation of P. It is clear from 
this definition that TL is a partial flat connection on the principal P-bundle P 



over the foliation (M,P). So by Proposition 2.3 and the fact that the leaves 
of T are simply connected, the projection 7r : P — > M of the principal bundle 
restricts to a diffeomorphism L — > 7r(L) from any leaf L of to the leaf 7r(L) of 
P. Now consider the complete transversal sections S of (M, P) and T of (P, 7i), 
defined by 

S = {{9, l y )\geG u ye H , a{g) = q{y)} 

and 

T = {(s, 1 ^ V) 1.9 G G i, V-.V G #0, = #y = 2/} . 

Let : M — * P be the unique section of 7r which sends T into 5 by <j)(g, l y ) — 
(g, l y , lq(y)) and which maps the leaf through (g, l y ) to the leaf through <p(g, l y ). 
Then 

$ = pr 3 o 4> ■ Gi x Go Hi — > Hi 

is the action map which integrates the given action of G on f). Indeed, to see 
that it respects the composition in G and in P, note that for a fixed g £ G(x' , x) 
the map $ g = i9(<?, - ) is the unique Lie groupoid morphism H q -xt x n — » H q -ir x \, 
integrating the algebroid map lv — > f) K which sends u to (see Proposition 



3.5). □ 



4 Derivations and infinitesimal actions 
4.1 Derivations on Lie algebroids 

Let M be a manifold , and X(M) the Lie algebra of vector fields on M. Recall 
that a derivation on X(M) is an K-linear map D : 3Z(M) — > X(M) satisfying 

£>([X ) X']) = [ J D(X),X'] + [X, J D(X')] 

for any two vector fields X, X' £ 3£(M). Each vector field V on A/ defines 
an (inner) derivation D on X(M) given by D(X) — [V,X], and in fact any 
derivation on X(M) is of this form for a unique vector field V £ X(M) p7| . In 
this section we will prove a similar result for derivations on the Lie algebra of 
sections of a Lie algebroid. 

Definition 4.1 A derivation on a Lie algebroid g over M is a pair (D,V) 
consisting of an WL-linear map D : Fg — > Fg and a vector field V on M such that 

(1) D([X,X'\) = [D(X),X'} + [X,D(X% 
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(ii) D(fX) = fD(X) + V(f)X and 

(iii) p(D(X)) = [V,p(X)} 

for any X,X' E Tq and f E C°°{M). 

Remark. If the rank of g is not zero, the properties (i) and (ii) imply property 
(iii). The vector space of all derivations on g, denoted by Der(g), is a Lie algebra 
with respect to the bracket [(£>, V), (£>', V')} = (D o D' - D' o D, [V, V']). 

Examples 4.2 (i) For a Lie algebra (viewed as a Lie algebroid over a one point 
space) we recover the usual notion of a derivation. 

(ii) Suppose that E — > M is a vector bundle, viewed as a Lie algebroid as in 



Example 1.1 (iii). A derivation on this Lie algebroid consists of a vector field V 
on M and a partial connection (a covariant differential operator) D — Vy on 
E. 

(iii) Let T be a foliation of a manifold M, viewed as a Lie algebroid over 
M with injective anchor map. The Lie algebra of derivations Der(.F) can be 
identified with the Lie algebra L(M,J 7 ) of projectable vector fields on (M, T) 
(see H). 

For a Lie groupoid G, there is an associated tangent Lie groupoid T(G) over 
T(Go). Its manifold of arrows is T(Gi), while the source and the target maps 
T{G\) -> T(G ) and the multiplication map T{G X ) x T(Go) T(Gi) T{G X x Go 
Gi) — > T(Gi) are the derivatives of those of G. The bundle projections -Ki : 
T(Gi) — > Gi, i = 0, 1, define a morphism of Lie groupoids 

T(G) — > G . 



Definition 4.3 ^4 multiplicative vector field on a Lie groupoid G is a morphism 
of Lie groupoids W : G — > T(G), which is a section of the projection T{G) — * G. 

Remark. Multiplicative vector fields were studied in |l6| . A multiplicative 
vector field W on G is, in other words, a pair of vector fields Wo on Go and W\ 
on Gi, such that W\ is projectable to Wo along both a and /3, Wo is projectable 
to W\ along uni : Go — > Gi, and (Wi,Wi) € X(Gi Xq Gi) is projectable to 
W\ along the multiplication of G. The last two conditions mean that 

(Wi)i. = l (Wb) . = WtW.) and (Wi)^ = (W 1 ) g (W 1 ) g , , 

the latter composition being the one in T(G). Note that Wo is determined by 
Wi, in fact the restriction of Wi to Go is tangent to Go and can be identified 
with Wo- Therefore we will simply write W for W\ and identify Wo with Wi|g - 
The Lie brackets of vector fields on Go and Gi respect projectability along 
the maps between Go and Gi and hence define a Lie bracket on multiplicative 
vector fields on G. In this way, the multiplicative vector fields on G form a Lie 
algebra, denoted by X M (G). 

Lemma 4.4 For any Lie groupoid G we have [X M (G), Xf nv (G)] C Xf nv (G). 
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Proof. Let W e £^(G) and X 6 Xf„ tJ (G). The invariance of X is equivalent to 
the condition that the vector field (X, 0) on Gi xg Gi is projectable to X along 
\i. Since is projectable along a and X is tangent to the fibers of a, [W, X] is 
tangent to the fibers of a as well. Since both (W, W) and (X, 0) are projectable 
along n, so is [(W,W), (X,0)} = ([W,X},0), and dfj, o ([W, X], 0) = [W,X] o M . 
□ 



Let G be a Lie groupoid and g the Lie algebroid associated to G. Any 
multiplicative vector field W on G gives us a derivation £(W) = (£vf, W^Igo) 
on g by 

£ W (X) = [W,X] XeL fl = Xf„„(G) . 



Indeed, Lemma 4.2 implies that the image of Cw is in Tq, while it is easy to check 



that the properties (i), (ii) and (iii) in Definition 4.1 are satisfied. Moreover, C 
is a morphism of Lie algebras 

C : X"(G) — ► Der(fl) . 

The following theorem follows from the results of Jlfj] : 

Theorem 4.5 If G is a source- simply connected Lie groupoid, then the map C 
is an isomorphism of Lie algebras. 

Proof. First we will show that £ is injective. Let W 6 Ker£. In particular, 
da o W = dp o W = 0, W\ Go = and [W, Xf nv {G)] = 0. Take any g € G u and 
consider the fiber G(a(g), -). Since any tangent vector on G(a(g), -) can be 
extended to an a- vertical invariant vector field, the condition [W, 3Cf nv (G)] = 
implies that the subset of zeros of W is open in G(a(g), -). But G(a(g), -) is 
connected and W Q ( g ) — 0, thus W g = 0. 

Next we will prove that C is surjective. Let (D, V) be a derivation on 
the Lie algebroid q associated to G. Take any u E g x . For any v G g x let 
t(u,v) £ Ker((d7r) M ) C T u (g) be given by 



r(u,v)(f)= | 



/(« + t«) /er( s ) 

t=0 



In other words, the map t(u, - ) is the natural isomorphism between q x and 
Ker((d7r) u ). Now define 

S(«) = (dX) x (V x ) - t(u,D(X) x ) e T u (q) , 

for any section X £ Tg satisfying Xr = u. The property (ii) of D (Definition 



4.1 ) implies that the definition of 2(u) does not depend on the choice of X, so 
we get a map 

5:g^T( ). 

Moreover, S is a bundle map over V by Proposition 2.5]. Now recall from 
[ [THt that T(g) has a natural structure of a Lie algebroid over T(Gq) and that 
there is a natural isomorphism of Lie algebroidsj : T(g) — > ^4(T(G)) overT(Go). 
It follows from Jl^, Theorem 4.4] that S is a morphism of Lie algebroids, hence 
S = j o S : g — > ^4(T(G)) is a morphism of Lie algebroids over V as well. Since 



G is source-simp ly connected, Proposition 3.5 implies that 3 can be integrated 
to a unique morphism of Lie groupoids 

W : G — ► T(G) . 
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Note that W is a multiplicative vector field on G because S is a section of 
the projection A{T(G)) -> 0, and that W\ Ga = V. Finally, @ Theorem 3.9] 
implies that Cw = D. □ 

4.2 Infinitesimal actions 

Let I) be a Lie algebroid over iV and g : N — » M a surjective submersion. 
Thus the Lie algebra Tt) has the structure of a C°°(M)-modulc induced by 
the composition with q. Assume that dq o p = 0, i.e. that F) is a family of 
Lie algebroids over M. This implies that p(Y)(f o q) = for any Y E Trj 
and any / G C^M), and hence the Lie bracket on T\) is C°°(Af)-bilinear. 
Furthermore, the Lie algebra of derivations Der(f)) on t) becomes a C°°(M)- 
module via f(D, V) = ((/ o q)D, (/ o q)V). If H is a source-simply connected 
integral of t), the Lie algebra of multiplicative vector fields on H is also 



a C°° ( M )-module and the isomorphism C of Theorem 4.5 is C°°(M)-linear 



Definition 4.6 Let g and t) be Lie algebroids over M respectively N , and let 
q : N — ► M be a surjective submersion such that dq o p = 0. An (infinitesimal) 
action of g on f) along q is a homomorphism of Lie algebras V : Tq — > Der(f)), 
V(X) = (Vx,R[X)), which is C°° '{M) -linear and for which each R(X) is 
projectable to p(X) along q. 

Remark. In particular, R : Tq — » X(N) is a homomorphism of Lie algebras 
satisfying V x (/'r) = /'Vx^ + R(X)(f')Y for any X e r 8 , F e Tl) and 
/' G C°°(N). Furthermore, the C°° (M)-linearity of V implies that V/x(Y) = 
(/ ° g)Vx(y) and = (/ o q)R(X). The second equality in fact follows 

from the first if the rank of f) is not zero. The projectability of R(X) to p(X) 
along q means that R(X)(faq) = p(X)(f)oq for any / G C°°(M) and X G Tq. 
We shall say that V is an action over R. Our definition is clearly equivalent 
with Jl(], Definition 3.6]. 

Examples 4.7 (i) If g and \) are Lie algebras, we recover the usual notion of 
an action j2(J. 

(ii) If g is a Lie algebra and f) is the tangent bundle of a manifold N, an 
infinitesimal action of g on f) is the same thing as an infinitesimal action of g 



on N (Exam ple 1.1 (vi)). More generally, if f) is a foliation T of a manifold 
TV (Example 1.1 (v)), an infinitesimal action of g on T is a Lie algebra map 
g ^> L(N,J r ) into the projectable vector fields on (N,? 7 ). 

(iii) Let E — ► M be a vector bundle over a foliated manifold (M, J 7 ) . We 
can consider T and E 1 as Lie algebroids over the same manifold M (Examples 



1.1 (iv) and (v)), and an action of J- on E along the identity map is the same 



thing as an affine flat jF-partial connection on E. 

Let V be an action of g on f) along q : N — > M over R. Then the semi-direct 
product [[l0| of g and f) with respect to V is a Lie algebroid x f) over N given 
as follows: as a vector bundle it is the direct sum q*g © f), the anchor is given 

by 

p(g*X © Y) = R(X) + p(Y) , 

and the bracket by 

[q*X © Y, q*X' © F'] = q*[X, X'} © ([Y, Y'} + V X (Y') - Vx>(Y)) . 
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Here q*X = (id 7 X o q) £ Tq*g. Since the sections of this form span Tq*g as a 
C°°(7V)-module, we can extend the definition of the anchor and of the bracket 
to all the sections of q*g © f) by the C 00 (A r )-linearity of the anchor and by the 
Leibniz identity. 

Observe that we have an exact sequence 

— > 1} M K t) q* 5 — » 

of vector bundles over N. The action of g on f) can be recovered from this 
sequence by 

j(Vx(Y)) = [(efX,0),(0,Y)]. 

Semi-direct products are related to split exact sequences in the usual way. Ex- 
plicitly suppose that Ms a Lie algebroid over N which fits into an exact sequence 

— > f) -U 6 ,7*0 — ► 

of vector bundles over AT. Suppose that j is a map of Lie algebroids over N, and 
that 7r is given by map of Lie algebroids t — > over g. Consider a splitting of 
this exact sequence by a map i : q*g — > 6 of vector bundles. The map i defines 
a "connection" V : Tg ® Lf) -> L[), V(X ® Y) = Vx(Y), by 

j(Vx(Y)) = [i(<fX),j(Y)] (() . 

The curvature 2-form of this connection is the map n : Tg A T0 — -> Tt) given by 

mX,X')) = [i{q*X),i{q*X% t) -i{q*[X,X\ 3) ) . 

The connection V is flat if X'),Y] = for every Y € rt). In particular, 

this is the case if n = 0, i.e. if i preserves the bracket. In this case, V is an 
action of on [) along q as defined above, with R(X) = p(i(q*X)), and t is 
isomorphic to X fj. 

Examples 4.8 (i) Let P be a principal ii-bundle over M for a Lie group H, 



and let G be the gauge groupoid over M (Example 1.2 (vii)), with Lie algebroid 
0. There is an exact "Atiyah" sequence over M, 

— >tf w — > — > T(M) — > , 

where i) tw is the bundle of Lie algebras over M obtained by twisting the trivial 
bundle M x t) by the adjoint action of the cocycle defining the principal bundle 
0. Here f) is the Lie algebra associated to H. An Ehresmann connection is the 
same thing as a splitting of this exact sequence. Flat connections correspond to 
actions of T(M) on t) tw , and represent as a semi-direct product T(M) ix i) tw . 

(ii) If and f) are Lie algebroids with injective anchor maps, then the semi- 
direct product k f) of an infinitesimal action of on f) along q : N — ► M 
again has injective anchor. (Indeed, if X 6 T0 and Y 6 Ft) are such that 
(fl(X)+p(F))„ = for a point y e N, then = dq{R{X) + p{Y)) y = p{X) q{v) , 
whence = 0. Then also R(X) y — because R is C°°(M)-linear, whence 

p(Y) y — so Y y = 0.) Thus, a semi-direct product of two foliations is again a 
foliation. 
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5 Integrability of semi-direct products 



5.1 Infinitesimal actions on foliations 

In this section we consider infinitesimal actions of a Lie algebroid g on a Lie 
algebroid t) in the special case where f) is a foliation J 7 of a manifold N (Example 



1.1 (v)). As noted before, such an algebroid T is always integrable, e.g. by the 



monodromy groupoid of the foliation. We will prove the following result: 

Theorem 5.1 For any action of an integrable Lie algebroid g on a foliation T , 
the semi-direct product g k T is integrable. 

Proof. Let G be a Lie groupoid which integrates g. First, let us spell out 
what it means for the Lie algebroid g of G to act on a foliation T of a manifold 
N. First, we have a surjective submersion q : N — > Go, and the leaves of 
J- are contained in the fibers of q. Thus, any fiber q~ 1 (x) is itself a foliated 
manifold. Next, there is a C°°(Go)-linear Lie algebra map R : Tg — > L(iV, .T 7 ) 
into the projectable vector fields on (JV, J-). In particular, any X G Tg induces a 
derivation Vx on the vector fields Y on N which are tangent to T by Vx (Y) = 
[R(X),Y]. Finally, this map satisfies the condition that R{X) is projectable 
along q to the anchor p(X), i.e. dq((R(X) y ) = p(X) q r y \ for any y 6 N. 

Now consider the principal G-bundlc P = N Xq G\ over N. Here P is 
the pull-back of (3 : G\ — > Go along q : N — > Go, with the evident right G- 
action (y,g)g' = (?/> <?<?')■ Consider on P the foliation Q whose tangent space 
G( Vl g) C T( ytg )(P) consists of pairs 

(R(X) y + Y v ,X 0{g) g) , 

where X £ Fg and Y is a vector field on N tangent to the foliation T . In other 
words, the sections of Q are spanned as a C°° (P)-module by sections of the 
form (R(X) + Y, X). Here we denote the invariant vector field on Gi associated 
to X again by X. The subbundle Q is involutive; indeed, using the fact that R 
preserves the bracket, we have 

\{R{X) + Y, X), (R(X') + Y', X')} = (R([X, X'}) + Z, [X, X'}) , (1) 

where Z — Vx(F') — V^'(T) + [Y, Y'} is again tangent to the foliation T. 

The leaves of this foliation Q are contained in the fibers of the map a o pr 2 : 
P Go which is a part of the principal bundle structure, and the G-action 
maps leaves into leaves. Thus G also acts on the Lie groupoid Mon(P, Q). By 
Lemma 2.1, the quotient K = Mon(P, Q)/G is a Lie groupoid over N. We claim 



that K integrates the semi-direct product g K T . Indeed, the map 

— >gx.F, 

sending a C?-tangent vector field (R(X)+Y, X) to q*X®Y, preserves the bracket 
(compare with the Equation ([!])). Note also that $ respects the anchor because 

d{ vri ){R{X) v + Y y , X m g) = R(X) y +Y y = p(q*X © Y) y , 

so it is a morphism of Lie algebroids over <fr = pr 1 : P — > N. This map $ 
induces an isomorphism of the fibers Q( y ,g) — (fl x J~)y Since the a-fibers of 
the quotient K are the same as those of Mon(P, G), the vector space G( y , g ) 
is isomorphic to the fiber t y of the Lie algebroid t of K, hence $ induces an 
isomorphism t — > g x T . □ 
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Example 5.2 If g is the Lie algebra of a Lie group, the algebroid associated to 



an infinitesimal action of g on a manifold (Example 1.1 (vi)) is always integrable. 
This result is due to Dazord ||] (see also Q ) , and is a special case of the previous 
theorem. 

5.2 Infinitesimal actions along proper maps 

Consider an infinitesimal action of a Lie algebroid g over Go on a manifold N 



(viewed as the trivial Lie algebroid over TV). Theorem 5.1 implies that the semi- 
direct product g k N is integrable by some Lie groupoid whenever g is integrable. 
However, if G integrates g, one can in general not integrate the infinitesimal 
action to an action of G on N. In this section, we will first show that such an 
action can be integrated in the special case where the map q : N — > Go (which 
is a part of the infinitesimal action) is proper. 

Theorem 5.3 Let G be a source- simply connected Lie groupoid and suppose 
that the Lie algebroid q of G acts on a manifold N along a proper map q : 
N — > Go • Then there exists an action of G on N along q which integrates the 
infinitesimal action in the sense that g k N is isomorphic to the Lie algebroid 
of the translation groupoid G X N . 

Proof. We view N as a manifold foliated by points, and consider (as in 
the proof of Theorem |5.1[ ) the foliation Q on N Xq G\, whose tangent space 
Q{ y ,g) C T(y tg -)(N Xg Gi) consists of pairs ((R(X) y , Xp^g) for X e Tg. Also, 
we consider the foliation T of G\ by the a-fibers. 

It is clear that the projection 7r = pr 2 : N x Go G\ — > Gi maps Q to T 
and restricts to a local diffeomorphism from any leaf L of Q to a leaf L' of 
T . The projection 7r is also proper, because it is a pull-back of q which is 
proper. We will show that this implies that n(L) — L' and that 7t|l : L — > L' 
is a covering projection. To see this, take any arrow g £ V and choose vector 
fields Xi, . . . , Xk on Gi such that their values at g form a basis of T g (in fact, 
we can choose X±, . . . , Xf. to be in Xf nv (G)). Suppose that U is a small open 
neighbourhood of g in L 1 and e > such that the local flow (p\:U^L' oi Xi 
is well-defined for any t S (— e, e), i = 1, . . . , k. We can choose e so small that 
the local flows give us an open embedding -0 : (— e, e) k — * L' by 

i)(t x , . . . ,t k ) = (ifl o . . . o ip k tk ){g) . 

Let Xi be the unique vector field on JV Xg G\ tangent to Q which projects to 
Xi along 7r. Since q is proper we can take U and e so small that the local flow 
(p\ : 7r _1 (C7) — > 7r _1 (L') of Xi is well-defined for any t e (— e, e), i = 1, . . . , k. 
Note that -k o (p\ = ip\ o 7r because Xi is a lift of Xi. In particular, the map 
i> : (— e,e) fc x Ti^ 1 {g) — > 7r _1 (L') given by 

i>(t 1 ,...,t k ,(y,g)) = ({p l ti ° ...o<p k h )(y,g) 

is well-defined and satisfies it o tp = tp o pr x . It clearly follows that f/ 1 is an open 
embedding. The map "0 also maps the product foliation of (— s,e) k x 7r~ 1 (g) to 
Q. In particular, the projection tt\l : L —> L' is a covering. 

Now recall that in the case at hand V is an a-fiber of G and hence simply 
connected. It follows that the covering projection tt\l : L —> L' is in fact a 



18 



diffcomorphism. We can now define a G-action on N 



i9:GiX Go N — > N 

along q as follows: for any arrow g of G and any point y of N satisfying a(g) = 
q(y), let gy be the unique point of N such that (gy, g) lies on the same leaf of Q as 
(y, lqty))- It is clear that the map $ satisfies the identities for an action. To see 
that i? is smooth, observe that a lift of a holonomy extension of a path 7 in a leaf 
of T can be obtained as a holonomy extension of a lift of 7. It is straightforward 
to check that this G-action on N indeed integrates the infinitesimal action of g 
on N. □ 

Remark. Note that the assumption that q is proper can be replaced by the 
assumption that all the vector fields R(X) are complete. 

Corollary 5.4 Let G and H be source- simply connected Lie groupoids with Lie 
algebroids g respectively f), and suppose that g acts on f) along a proper map 
q : Hq — > Go- Then there exists an action of G on H which integrates the 
infinitesimal action, in the sense that the semi-direct product g K f) is isomorphic 
to the Lie algebroid of the semi-direct product groupoid G x H . 



Proof. Consider the action of G on Hq given by Theorem 5.3. The Lie 
algebroid h is a family of Lie algebroids over Go, so its pull-back along pr 2 : 
Gi Xq Hq — > Hq is again a Lie algebroid. This pull-back is equipped with a 
foliation whose leaves are the fibers of pr 2 . These fibers are isomorphic to the 
a-fibers of G. The action of g on f) defines a flat partial connection on pr* 2 f) along 
the leaves of the foliation of G\ x Go H . Since the leaves are simply connected, 
there is a well-defined transport along the leaves, which defines an action of G 



on the algebroid fj. This action can now be integrated by Theorem 3.6. Further 
details are straightforward. □ 

Let g be a Lie algebroid over M, and let f) be a bundle of Lie algebras over 



M (Example 1.1 (iv)). An extension t of g by f) is an exact sequence of Lie 



algebroids over M of the form 

— ► f) — >t — >g — ► . 

It is called split if it splits by a morphism of Lie algebroids g — > 6 over M. 

Corollary 5.5 Any split extension of an integrable Lie algebroid over M is 
integrable. 

Proof. A split extension as above represents £ as the semi-direct product g X f) 
for an action by g on t) along the identity M — > M. Thus the result follows from 



the previous corollary and integrability of t) (Example 1.4 (hi)). □ 



5.3 Infinitesimal actions on the Lie algebroids of source- 
compact groupoids 

We consider again two Lie groupoids G and H with Lie algebroids g and (), 
respectively, and an infinitesimal action of g on f) along a map q : Hq — ► Go- In 
this section we shall prove that the semi-direct product g x f) is integrable in 
the case where H is a source-compact source-simply connected groupoid. 



19 



Definition 5.6 A Lie groupoid H is called source- compact if it is Hausdorff 
and if the source map a : Hi — > Hq is proper. 

Remark. Note that this implies that the other structure maps (3, uni and fi of 
H are also proper. Also note that if H is proper then so is the source-connected 
subgroupoid H^°> of H. 

Theorem 5.7 If g and f) are integrable Lie algebroids and if f) has a source- 
simply connected source-compact integral, then any semi-direct product g k \) is 
integrable. 

Proof. Let G be a source-simply connected integral of g and H a source-simply 
connected source-compact integral of t). Let V be an action of g on f) along 
q : Hq — ► Go over R. For any X £ Tg let w(X) be the multiplicative vector field 
on H with £ w (x) — Vx and w(X)\h = R(X) (Theorem fi~E| ). In particular, 
the map w : Tg — > X^(H) is a C°°(Go)-linear homomorphism of Lie algebras, 
hence it induces a bundle map w : (q o — > T(H\) by u)(ft, u) = twpf)/,, for 
any X e Fg with = it. 

Now define a foliation T of the manifold 

M = H 1 x Go G 1 = {(h,g) £H x xG x | q((3(h)) = /3(g)} 

by 

F(h, 9 ) = {(Yp ih) h + w{X) h ,X m g) | X e F , T e H>} C T (M) M . 

Note that {Ypn^h + w(X)h, Xp^g) is indeed tangent to M because 

%o/3)(y w / l + W ;(X) /l ) = dq(d(3(w(X) h )) = dq{{R{X)) m ) 

= P{ x )q{P(h)) = P{ x )f}(g) = d/3(Xp (g) g) . 

The fact that w is a C°°(Go)-linear homomorphism implies that T is a sub- 
bundle of TM, with dim(jF) = rank(g) + rank(t)). We have to show that T is 
involutive. For any X, X' £ Tg and Y,Y' £ Tt) we have 

[(r + w (x),x),(y' + w (x'),x')] 
= ([Y + W (x),y' + W (x')],[x,x']) 

= ([¥,¥'] + HX),Y'} + [!>(*')] + [^W, W (X')], [X,X']) 

= ([Y,Y'] + V x (Y')-Vx>(Y)+w([X,X'}),[X,X']), (2) 

and this is again a section of T since [Y, Y'] + Wx(Y') — Vx' (Y) £ Tf). Here we 
denoted the invariant vector field on G\ corresponding to X again by X, and 
the same for X', Y and Y'. 

When we view the foliation T of M as a Lie algebroid over M, there is a 
map of Lie algebroids 

$ : T — > g k f) 

over the map (3 o pr l5 sending an .^-tangent vector field (Y + w(X),X) to 
q*X © T. Indeed, the map $ clearly preserves the anchor, and it preserves the 
bracket by Equation (||). Note, in addition, that $ restricts to an isomorphism 
on each fiber. The algebroid T is integrable by Mon(M, F). 
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The manifold M comes equipped with a natural right iJ-action along the 
map a o pr 1 , which is principal with respect to the projection (3 x id : M — > 
Hq Xq Gi. Also, M has a natural right G-action along aopr 2 , which is principal 
with respect to the projection pr 1 : M — > Hi. These two actions commute with 
each other, and together they make M into a principal (H x G)-bundle over 
Hq. Note that the foliation T is tangent to the fibers of the map a o pr 2 , so 
the G-action lifts to a G-action on the monodromy groupoid Mon(M, J 7 ). On 
the other hand, the foliation T is in general not tangent to the fibers of a o pr x . 
Despite this we will show that the iJ-action on M may be lifted to an 77-action 
on Mon(M, J-)\. H owe ver, this is not an action of H on the groupoid in the 



sense of Subsection 2.1 . We will show that Mon(Af, T) can be factored by G 
and H with respect to these two actions to give a Lie groupoid K over Hq with 
the same a-fibers as Mon(M, F). It will then be clear from the construction 
and the properties of the map $ that K integrates g x fj. 

To describe the ff-action, recall that source-connectedness of H implies that 
qoa = qo/3, so H is a family of Lie groupoids over Go- We can take the pull-back 
of this family along the target map j3 : G\ — > Go to get a family of groupoids 
over Gi, as in the following diagram: 

unix id 

[iXid ax id pr 2 

Hi x Ho Hi x Go Gi ^ Hi x Go Gi H x Go G x Gi (3) 

f3xid 

The first pull-back here consists of (h,h',g) 6 Hi x Hi x Gi satisfying a(h) = 
0(h') and /3(h) = /3(g). 

Consider now the foliation Q on Gi given by a-fibers. The action of q on 
H defines a foliation of H Q x Go Gi given by 

S^ = {(R(x) v ,x p(g) g)\xer s }. 

Similarly, define a foliation Q^> of Hi x Go Gi by 

g$ g) = {( w ( X ) h ,X m g)\X , 

and a foliation of Hi x Ho Hi x Ga Gi by 

Q{h,h', g ) = {(w(X) h ,w(X) h ,,X fJ{g) g) \X 6 Lg} . 

Observe that, since each w(X) is a multiplicative vector field on H , all the maps 
in Diagram (||) map leaves to leaves. Now note that the assumption that H is 
source-compact implies that the maps a x id, (3 x id and fi x id of Diagram (||) 



are proper. By the argument given in the proof of Theorem 5.3 it follows that 
each leaf of projects along (3x id (and also along a x id) onto a leaf of 
as a covering projection. The same is true for the leaves of Q 1 - 2 ^ with respect 
to the projection /i x id. Note also that Q^ 1 is a subfoliation of T . There is 
another foliation /C of Hi x h Hi x Gq Gi given by 

K{h,h',g) = {(w(X) h + Y m h,w(X) h ,,X 0(g) g)\X gTq, Y erf,} . 

The map fix id maps the leaves of /C onto the leaves of J- as a covering projection. 
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Now take any path 7 in a leaf of T from (ho, go) to (h\,gi). Observe first 
that 7 = (a x id) a 7 is a path tangent to the foliation Hence for any 

h G H(- ,a(ho)) there exists a unique lift 7 of 7 along (3 x id tangent to 
with 7(0) = (h,go). Put 5 = pr 1 o 7. Now we may use the iJ-action on M to 
define a new path 7/1 in M by 

( 7 /0(t)=7(*W*). 

The fact that fj, x id maps JC to T implies that 7/1 is again a path in a leaf of T . 
Note that ((3 x id) o (7/1) = ((3 x id) o 7. ft ft,' is another arrow in H(- , 
we lift 7 to 7 along (3 x id as before, and we lift 7/1 along /? x id to 7' tangent to 
with 7'(0) = (h',go). These give us S — pr l 07 and 5' — pr l 07'. It follows 
that (5, 5' , pr 2 o 7) is a path in a leaf of , and its projection along [i x id is 
a path in a leaf of C^ 1 ) which lifts 7 with value (hh' , go) &t t = 0, Therefore 

1 (hti) = (jh)ti . 

A similar argument shows that 

h'l)h = ( 1 'h)( 1 h) , (4) 

where h is now the unique arrow in H satisfying (7/1) (1) = 7(1 )h (or h = <5(1) 
for S as above). 

Finally, for any arrow a G Mon(A/, T)\ we may define 

crh G Mon(M, T)\ 

by cr/i = [7/1], where 7 is any path representing a, i.e. — [7]. This is well- 
defined since the definition is given by path-lifting along a covering projec- 
tion. The properties mentioned above imply that this defines an i?-action on 
Mon(M, T)\ along the map e = aopr l oa : Mon(A/, T) — > Ho- This action com- 
mutes with the G-action, and we may take the quotient K = Mon(A/, T) /G/H, 
which is a smooth manifold because it can be identified with the pull-back of 
the source map of Mon(M, T) along Ho — > M. Using Equation (||) it is easy to 
check that K is a Lie groupoid over Ho- Now $ induces an isomorphism from 
the Lie algebroid of K to g x f) over Ho- □ 

Remark. Note that the assumption that H is source-compact can be replaced 
by the assumption that H is Hausdorff and that all the vector fields w(X) are 
complete. 

References 

[1] R. Almeida, P. Molino, Suites d'Atiyah et feuilletages transversalement complets. 
C. R. Acad. Sci. Pans 300, 1985, pp. 13-15. 

[2] M. F. Atiyah, Complex analytic connections in fibre bundles. Trans. Amer. 
Math. Soc. 85, 1957, pp. 181-207. 

[3] R. Brown, O. Mucuk, The monodromy groupoid of a Lie groupoid. Cahiers 
Topologie Gom. Diffrentielle Catg. 36, 1995, pp. 345-369. 



22 



A. Cannas da Silva, A. Weinstein, Geometric Models for Noncommutative Geom- 
etry. Berkeley Mathematics Lecture Notes 10, American Mathematical Society, 
Providence, 1999. 

A. S. Cattaneo, G. Felder, Poisson sigma models and symplectic groupoids. 
arXiv: math.SG/0003023. 

P. Dazord, Groupoi'de d'holonomie et geometrie globale. C. R. Acad. Sci. Paris 
324, 1997, pp. 77-80. 

C. Debord, Groupoi'des d'holonomie de feuilletages singuliers. C. R. Acad. Sci. 
Pans 330, 2000, pp. 361-364. 

A. Douady, M. Lazard, Espaces fibres en algebres de Lie et en groupes. Invent. 
Math. 1, 1966, pp. 133-151. 

W. Greub, S. Halperin, R. Vanstone, Connections, Curvature and Cohomology. 
Pure and applied mathematics: a series of monographs and textbooks 47 Vol. I., 
Academic Press, New York, 1978. 

P. J. Higgins, K. C. H. Mackenzie, Algebraic constructions in the category of Lie 
algebroids. J. Algebra 129, 1990, pp. 194-230. 

I. M. Kontsevich, Deformation quantization of Poisson manifolds. arXiv: q-alg 
/9709040. 

N. P. Landsman, Mathematical topics between classical and quantum mechanics. 
Springer Monographs in Mathematics, Springer- Verlag, New York, 1998 

K. C. H. Mackenzie, Lie groupoids and Lie algebroids in Differential Geometry. 
London Mathematical Society Lecture Notes Series 124, Cambridge, 1987. 

K. C. H. Mackenzie, Lie algebroids and Lie pseudoalgebras. Bull. London Math. 
Soc. 27, 1995, pp. 97-147. 

K. C. H. Mackenzie, P. Xu, Lie bialgebroids and Poisson groupoids. Duke Math. 
J. 73, 1994, pp. 415-452. 

K. C. H. Mackenzie, P. Xu, Classical lifting processes and multiplicative vector 
fields. Quart. J. Math. Oxford 49, 1998, pp. 59-85. 

K. C. H. Mackenzie, P. Xu, Integration of Lie bialgebroids. Topology 39, 2000, 
pp. 445-467. 

P. Molino, Riemannian foliations. Birkhauser, Boston, 1988. 

V. Nistor, Groupoids and the integration of Lie algebroids. arXiv: math.SG 
/0004084. 

V. Nistor, A. Weinstein, P. Xu, Pseudodifferential operators on differential group- 
oids. Pacific J. Math. 189, 1999, pp. 117-152. 

R. Nest, B. Tsygan, Deformations of symplectic Lie algebroids, deformations 
of holomorphic symplectic structures, and index theorems. arXiv: math.QA 
/9906020. 

R. Palais, A Global Formulation of the Lie Theory of Transformation Groups. 
Memoirs of the American Mathematical Society 22, Providence, 1957. 



23 



[23] J. Phillips, The holonomic imperative and the homotopy groupoid of a foliated 
manifold. Rocky Mountain J. Math. 17, 1987, pp. 151-165. 

[24] J. Pradines, Theorie de Lie pour les groupoides differentiables. Calcul differentiel 
dans la categorie des groupoides infinitesimaux. C. R. Acad. Sci. Paris 264, 
1967, pp. 245-248. 

[25] J. Pradines, Troisieme theoreme de Lie pour les groupoides differentiables. C. R. 
Acad. Set. Pans 267, 1968, pp. 21-23. 

[26] J. -P. Serre, Lie Algebras and Lie Groups. Springer- Verlag, Berlin Heidelberg 
1992. 

[27] F. Takens, Derivations of vector fields. Compositio Math. 26, 1973, pp. 151-158. 

[28] H. Winkelnkemper, The graph of a foliation. Ann. Global Anal. Geom. 1, 1983, 
pp. 51-75. 



24 



